
STOP 



Early Journal Content on JSTOR, Free to Anyone in the World 

This article is one of nearly 500,000 scholarly works digitized and made freely available to everyone in 
the world by JSTOR. 

Known as the Early Journal Content, this set of works include research articles, news, letters, and other 
writings published in more than 200 of the oldest leading academic journals. The works date from the 
mid-seventeenth to the early twentieth centuries. 

We encourage people to read and share the Early Journal Content openly and to tell others that this 
resource exists. People may post this content online or redistribute in any way for non-commercial 
purposes. 

Read more about Early Journal Content at http://about.jstor.org/participate-jstor/individuals/early- 
journal-content . 



JSTOR is a digital library of academic journals, books, and primary source objects. JSTOR helps people 
discover, use, and build upon a wide range of content through a powerful research and teaching 
platform, and preserves this content for future generations. JSTOR is part of ITHAKA, a not-for-profit 
organization that also includes Ithaka S+R and Portico. For more information about JSTOR, please 
contact support@jstor.org. 



THE CONTINUITY OF THE ROOTS OF AN ALGEBRAIC 

EQUATION 

Br J. L. Coolidge 

The theorem that the roots of an algebraic equation whose term of 
highest degree has a non-vanishing coefficient are continuous functions of its 
coefficients is of fundamental importance, both in algebra and in geometry. The 
proofs usually given are rather long, and generally more closely allied in 
spirit to the theory of functions of a complex variable than to the elementary 
processes of algebra. For that reason a simple algebraic proof of this essen- 
tial theorem seems to fill a real, if minute, gap in our algebraic theory. The 
object of this note is to give such a proof. 

Theorem. Given two algebraic equation* of the same degree, so related 
that the coefficients of the first are constant and that of the highest power of the 
variable is not zero, while those of the second approach the corresponding coeffi- 
cients of the first as limits; then the roots of the two equations, where each mul- 
tiple root of order h is counted as k roots, may be put into such a one to one 
correspondence, that the absolute value of the difference of each two correspond- 
ing roots approaches zero. 

Let us write 

/(*) s W + ■ • • + a. ■ a (x - oj) • • • (* - a H) , 

4>(x) = (a + Aoo) »"+••• a n +Aa„ = (a„ + Acto) (* - ft) • • • (x-/S B ). 

We assume explicitly that a Q ^ and that all of the quantities Aa t approach 
zero. In particular we assume that |Aa | is so small that for that, and all 
smaller values \a + Aa | > 0. 

Let us now reduce the roots of the equation <t>(x) = by a x . We shall 
get a new equation ^r{x) = 0, the coefficient of x n being (a + Aa ) while the 
constant term is 4>(a{). But since f(a,\) = 0, we shall have 

^(«i) = Aa <*"+•• • Aa„. 
(116) 
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If l*^ = 1, 1^(0}) | £ (n + l)|Aa 4 |, where Aa* is the largest Ac in ab- 
solute value. 



If 1^1*1, |*(«i)|£ 



* 1-1 



and this approaches zero as a limit. The limit of a + A a is a , hence the 
limit of the product of the roots of yfr namely ± <^(o 1 )/(o + Aa ), is zero; 
hence one root, at least of ^(x) = 0, approaches zero as a limit. 
Let us, therefore, write 

fix = «! + A«i, 

where Aa t approaches zero. 

Oox" + . . . o n s (x - • 1 )(a x»- 1 + 6i a;"- 2 + • • • 6 n _ x ) 

3 (x -i) /!<*), 

(a + Aa )xf +...(«„ + Aa«) 

= (x - (oj + A 0l )) ((a + Aa )x»-i + ^x— »+ • . • c^. x ) 

^^-(ai + AaO^^x). 

Multiplying out, and equating corresponding coefficients, we have 
o t = oq*! + o x , o t = Ooof + i***- 1 + • • • a k , 

Cj = (a,, + Aoo) (oj + Aax) + (o, + AOi) = ^ + «i. 
c* = (o<, + Aoo) (a x + A« x )* + . . . (a* + Aa 4 ) = 6 t + e t , 

where e t approaches zero with the A'a. 

Hence one root of <fo(x) = lies infinitesimally near one root of/i(x) = 0, 
or a second root of <f>(x) = approaches a second root of/(x) = as a limit. 

By a repetition of this process our theorem is proved. 

The foregoing reasoning is, of course, invalid in the case where oq = 0. 
It is, however, very easy to treat this case in a similar manner. 

Let us assume that a n ^ 0, for this may always be effected by reducing 
all the roots by a constant quantity — a process that does not in the least alter 
the validity of the conclusion. 
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We then write two new equations : 

F(x) s ajt* + • • • + «o = 0, 

*(*) = (a n + Aa„)a5 n + • . • +(oo + Aoo) = 0. 

To be perfectly general we shall assume that the first p coefficients in 

f(x) = 0, or the last p in F{») — are zero. Then F(x) — has p roots 

equal to zero, and the remaining roots are the reciprocals of the roots of 

f(x) = 0. The non-vanishing roots of 4>(as) = are the reciprocals of those 

of <j>(x) = 0. Applying our theorem to F(x) = and *(*) = we have : 

Theorem. If two equations be so related that the coefficients of the first 
are constants, while each coefficient of the second approaches the corresponding 
coefficient of the first as a limit, and if the coefficients of the p highest powers of 
the unknown in the first be zero, then if each root of multiplicity k be counted 
as k roots, the second equation will havep roots whose absolute value will in- 
crease beyond all limit, and the remaining roots of the second may be put into 
such a one to one correspondence with the roots of the first, that each root of the 
second will approach the corresponding root of the first as a limit. 

Harvard University, 
Cambridge, Mass., 
January, 1906. 



